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Affine Extensions of Generalized Polygons
JOHN VAN BON AND HANS CUYPERS
We study extensions of generalized polygons by affine planes and obtain a geometric character-
ization of the natural seven-dimensional linear representation of a group of type G2 and the eight-
dimensional spin representation of a group of type B3. If k is a perfect field of even characteristic, then
the natural seven-dimensional k-module of G2.k/ is reducible and admits a six-dimensional quotient.
For finite fields k of even characteristic we give a characterization of this module.
c© 1999 Academic Press
1. INTRODUCTION
A partial linear space .P;L/ consists of a set P of points and a set L of subsets of size
at least 2 of P called lines, such that any two points are contained in at most one line. Two
points are said to be collinear if there is a line containing them. All partial linear spaces in this
paper will be assumed to be connected; that is, the incidence graph on P [L is connected. A
partial linear space is called a gamma space if any point p which is collinear to two points of a
line is collinear to all points of the line. A subspace of a partial linear space is a subset of the
point set such that any line meeting it in two points is contained in it. A subspace X is often
identified with the partial linear space consisting of the points and lines fully contained in X .
A partial linear space is called thick if all of its lines contain at least three points.
We recall that a generalized n-gon (for n  2) is a connected point-line geometry such that
the incidence graph has diameter n and girth 2n. We note that for n  3 generalized n-gons
are gamma spaces.
In this paper we study extensions of generalized polygons by affine planes. An affine
extension of a generalized n-gon is a (residually connected) geometry G D .P;L;A/, where
.P;L/ is a partial linear space, A is a set of subspaces of .P;L/ isomorphic to affine planes,
and where for each point p the residue Res.p/, i.e., the point-line geometry .Lp;Ap/ of lines
in L and planes in A on p, is a generalized n-gon.
Affine extensions of generalized 3-gons (i.e., projective planes) are affine spaces of rank 3,
cf. Buekenhout [3]. Affine extensions of generalized quadrangles (and polar spaces in general)
have been studied by Cohen and Shult [4], Cuypers [5] and Cuypers and Pasini [9]. This has
resulted in a complete classification of the affine extensions of finite generalized quadrangles,
see [5]. Here we will restrict ourself to the case that n is at least 5.
Over the last few years there has been interest in the study of, mainly circle, extensions of
finite generalized polygons (see, for example, Weiss [15–17] for flag-transitive circle extensions
of finite generalized hexagons and octagons). This interest can be easily justified by the fact
that they give geometric characterizations of several of the sporadic simple groups. Observe
that the affine plane of order 2 is a circle geometry. So, a circle extension of a generalized
polygon with three points per line is an affine extension of this polygon.
Circle extensions of generalized hexagons and octagons admit many (infinite) covers, see
[10, 11, 14], thus a general classification seems hopeless. In the earlier mentioned papers of
Weiss, the following additional condition on the local structure of the geometry was introduced:
./ There exist triples of pairwise collinear points not on any circle.
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In [7], Cuypers extended the result of Weiss to classical near hexagons. Here the following
notion was introduced:
./i A triple of points x; y; z is a clique of the point graph not in a circle if and only if the
distance between y and z in the residue at x is equal to i .
In this paper we extend the methods developed in [6, 7] to affine extensions of generalized
polygons satisfying the following condition, closely related to ./ and ./i :
./Opp For a point p and any two lines m, l on p holds that m and l are not opposite in the
residue at p if and only if m  l?.
(Two elements of a partial linear space with finite diameter are called opposite if they are at
maximal distance in the incidence graph of the space.)
In case the local generalized polygon contains three points per line our condition coincides
with ./2 for generalized hexagons, and with ./2;3, i.e., a triple of points x; y; z is a clique
of the point graph not in a circle if and only if the distance between y and z in the residue at
x is equal to 2 or 3, for generalized octagons. The only circle extensions of finite generalized
hexagons with three points per line that satisfy the above condition, see [6], are the geometry
on 128 points related to 27 V G2.2/ and the geometry on 120 points related to Sp6.2/. Among
the flag-transitive circle extensions of known generalized octagons with three points per line
there is only the geometry on 4060 points related to the sporadic group Ru that satisfies the
condition ./Opp, cf. [17]. As one might expect, the first two examples turn out to form part
of an infinite family which we describe in Section 2, whereas the latter is sporadic. Our main
result gives a characterization of these two infinite families:
THEOREM 1.1. Let G D .P;L;A/ be an affine extension of a generalized n-gon, n  5,
in which .P;L/ is a thick nonlinear gamma space and ./Opp holds. Then n D 6 and G is
isomorphic to the affine generalized hexagon associated to either the group k7 V G2.k/ or to
the spin representation of a group of type B3.k/, where k is a field.
We note that the geometries in the conclusion of the theorem are Buekenhout geometries
with diagram:
s s sA f
However, note that our definition of affine extension of a hexagon is more restrictive than
the notion of a Buekenhout geometry with the above diagram.
The outline of the paper and the proof is as follows. In Section 2 we will give a description
of the examples appearing in the conclusion of the theorem. There, it is also observed that
for perfect fields k of even characteristic the affine generalized hexagon related to k7 V G2.k/
admits quotient geometries. A characterization of some of these quotients is given in Section 7.
The proof of Theorem 1.1 is given in Sections 3 up to 6. The main purpose of Sections 3
and 4 is to show that, for any point p, the generalized polygon Res.p/ is a generalized polygon
with long distance- j hyperbolic lines. Using [1], we deduce that n D 6 and that Res.p/ is
isomorphic to a generalized hexagon related to the group G2.k/ for some field k.
Next, in Section 5 we show that the geometryAS D .P;L;A[B/, whereB is an additional
collection of affine planes constructed in Section 4, is an affine polar space. We then use [4]
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to see that the thus obtained affine polar space AS can be described as the space obtained
by removing a geometric hyperplane X from a polar space S. This enables us to construct a
geometry G1 ‘at infinity’ for G embedded in the hyperplane X .
In Section 6 we identify the geometry G. It is shown to be isomorphic to the geometry
consisting of all points and lines ofAS and those planes ofAS that have their line ‘at infinity’
in the geometry G1.
Finally, in Section 8 we dwell on the equivalent for condition ./3 for generalized hexagons.
In case there are only two points per line, n D 6 and G is finite, the same conclusion as in the
main theorem holds, see [6]. The methods developed in [6, 7] and this paper have also been
used to study extensions of near hexagons. The reader is referred to [2].
2. EXAMPLES
In this section we will introduce some of the terminology and describe the two series of
examples appearing in the conclusion of Theorem 1.1 in more detail.
Let G D .P;L/ be the point-line geometry of a (possibly degenerate) polar space of rank at
least 3 with projective singular subspaces.
The affine polar space AG, obtained by removing a geometric hyperplane X from G, is
defined as the geometry of points and lines of G that are not contained in X . That means,
points of AG are the points of G not in X , and lines are the nonempty intersection of lines of
G with the point set of AG. The incidence is inherited from G. The set of singular projective
planes of G not contained in X provides us with a set of affine planes for AG.
Each line l (resp. affine plane  ) of AG is contained in a unique line Ol (resp. plane O ) of G
which meets X in a point TlU (resp. line T U); we will call this point (or line) the point at infinity
of l (line at infinity of  , respectively).
LetG1 be a subgeometry ofG with all points and lines contained in X . The tangent geometry
of G1 (with respect to X ) is the subgeometry of the affine polar space AG with all the points
of AG as points, but with only those lines and planes of AG whose point or line at infinity
is in G1. We will construct two series of affine extended generalized hexagons as tangent
geometries of a generalized hexagon embedded into a polar space.
LetH D H.k/, where k is a field, denote the classical generalized hexagon of type G2.k/. It
is well known that the natural seven-dimensional orthogonal representation of the group G2.k/
gives rise to an embedding of the generalized hexagonH.k/ in a polar space B of type B3.k/,
and that two points of the embedded generalized hexagon are opposite if and only if they are
not collinear in B.
From [1, Section 4, first proof], it can easily be deduced that this embedding of H.k/ in B
is unique up to isomorphism.
Let p be a point ofH, then the set of all points collinear with it corresponds to a maximal sin-
gular subspace inB. Whence we also obtain an embedding ofH into the dual polar spaceDB of
B. Indeed, the map that takes each point ofH (embedded inB) to the unique singular plane ofB
containing all the lines ofH on the point, and each line to itself, defines an embedding ofH into
DB. It is easy to see (Lemma 4.6 in [1]) that the image ofH is a geometric hyperplane ofDB.
The dual polar space DB on its turn admits an embedding in a polar space D of type D4.k/
(corresponding to the spin representation of the group B3.k/). This embedding is also unique as
can be deduced from [1, Section 4, second proof]. Again we have the property that two points
in the embedded dual polar space DB are opposite if and only if they are not collinear in D.
Using the above embeddings we shall construct two tangent geometries that are both affine
extensions of the generalized hexagonH. For that purpose we fix a polar spaceS of type B4.k/.
This polar space has two types of geometric hyperplanes, degenerate or nondegenerate.
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First, fix a degenerate hyperplane X of S. The point set of X consists of some point 1,
together with all points collinear with it. The residue in S at the point 1, ResS.1/, is
isomorphic to B, the polar space of type B3.k/. Now considerH to be naturally embedded in
ResS.1/. (So points and lines of H are lines and singular planes on1.) By G1 we denote
the geometry whose point set is X and whose lines are those lines of X that are contained in
the planes of X that, as elements of ResS.1/, are lines ofH.
Now suppose X is a nondegenerate hyperplane of type D4. Then it is a polar space isomorphic
to D. We embed the dual polar space DB into X via the spin representation discussed above,
and denote the embedded space by G2.
PROPOSITION 2.1. The tangent geometries Ti , i D 1; 2, to G1 and G2, respectively, are
affine extensions of a generalized hexagon satisfying condition ./Opp.
PROOF. It is clear that in each case the tangent geometry is a subgeometry of the affine
polar space AS of type A f:B3.k/ obtained from S by removing the hyperplane X . We first
observe that the point set of G1 and G2 coincides with X . Thus the set of lines of both tangent
geometries coincides with the set of lines of AS . In particular, the tangent geometries are
connected gamma spaces.
Fix a point p of the tangent geometry. For the tangent geometry T1 with respect to G1 it is
clear that in the tangent geometry the residue at p is isomorphic to H. Moreover, ./Opp is
satisfied in this tangent geometry.
Now consider the tangent geometry T2 with respect to G2. The residue in T2 at the point p
is isomorphic to the intersection H of G2 and p? \ X . Note that H is a geometric hyperplane
of G2. We will show that H is a generalized hexagon.
Suppose l and m are two lines of AS on p, such that TlU and TmU are at distance 2 in G2.
Then TlU and TmU are contained in a quadQ of G2. The quadQ is isomorphic to the symplectic
quadrangleW.k/ and it is naturally embedded in the singular projective 3-space of X generated
by its points. The intersection of p? with this 3-space is a projective plane meeting Q in a
point and all the lines on that point. Thus there exists a unique line n on p such that TnU is
collinear in G2 with TlU and TmU.
Let l and m be two lines ofAS on p such that TlU and TmU are at distance 3 in G2. Let A be a
plane of S containing l that meets X in a line of G2. Then there exists a unique line k in A on
p such that k is coplanar inAS with m. Whence TkU is collinear with TlU in G2 and at distance
2 from TmU.
It follows that H is a generalized hexagon (which is in fact isomorphic toH.k/). Furthermore,
we see that two points of H are noncollinear in X if and only if they are opposite in H . Hence,
the tangent geometry T2 satisfies ./Opp. 2
If X D 1? is a degenerate hyperplane of S, then the stabilizer in the group B4.k/ of
X is a maximal parabolic subgroup of type B3.k/. The unipotent radical, which is seven-
dimensional as a k-vector space, fixes all the lines on1 and acts regularly on the set of points
of the complement of X . There exists a subgroup of type k7 V G2.k/ of this parabolic subgroup
which stabilizes G1 and acts flag-transitively on the tangent geometry T1 with respect to G1.
We will call T1 the affine generalized hexagon associated to the group k7 V G2.k/.
If the hyperplane X is nondegenerate, then the stabilizer in B4.k/ of X contains a subgroup
isomorphic to D4.k/. The stabilizer of the subgeometry DB of X is a subgroup G of D4.k/
isomorphic to B3.k/. The action of the group G on the eight-dimensional orthogonal space for
D4.k/ is irreducible; it is the spin representation of G. The group G also acts on the tangent
geometry T2. In particular, it is flag-transitive on T2, which for this reason is called the affine
generalized hexagon associated to the spin representation of type B3.k/.
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The stabilizer in D4.k/ of a point outside X is also a group isomorphic to B3.k/, but fixes
a geometric hyperplane in X . Thus this group does not conjugate to G in D4.k/, but does
conjugate to it by a triality automorphism of D4.k/. It is well known that two such copies of
B3.k/ meet in a group G2.k/. The embeddings of the groups and geometries described above
are visualized in the following commutative diagrams:
B3.k/ D4.k/
G2.k/ B3.k/
-
-
? ?
spin
natural
dual red
DB D
H B
-
-
? ?
spin
natural
dual red
Here ‘natural’ stands for the embedding corresponding to the seven-dimensional orthogonal
representation of the group G2.k/ and ‘dual’ corresponds to the embedding in the dual polar
space. By ‘red’ we denote the reducible representation of B3.k/ as a point stabilizer in the
eight-dimensional orthogonal representation of D4.k/ and, finally, ‘spin’ stands for the spin
representation.
If the field k is perfect and of characteristic 2, then the affine polar spaceAS admits quotients
if the removed hyperplane X is degenerate. Indeed, then the diameter of the collinearity graph
of AS and also T1 is equal to 3, and ‘being at distance 3’ defines an equivalence relation on
the point set ofAS and T1, see [9]. Taking the quotient of G with respect to this relation yields
again an affine extension of the generalized hexagon H, which we denote by T1. In terms of
groups, this quotient corresponds to the quotient k6 V G2.k/ of k7 V G2.k/. For this reason, we
call G the affine generalized hexagon related to k6 V G2.k/. This affine, extended generalized
hexagon can also be constructed as a tangent geometry. Indeed, if the field k is perfect and of
even characteristic, then B3.k/ D C3.k/ and B admits a representation as a six-dimensional
symplectic polar space containing H as a subgeometry. Let X be the corresponding five-
dimensional projective space in which the generalized hexagonH can be embedded, and view
X is a hyperplane of a six-dimensional projective space. Now the tangent geometry in this
projective space (which is a completely degenerate polar space) of the hexagonH (embedded
in X ) is isomorphic to the affine extension of the hexagonH related to k6 V G2.k/.
3. HYPERBOLIC LINES
Throughout the Sections 3 up to 6 of this paper, let G D .P;L;A/ be a connected geometry
of points, lines and planes satisfying:
.i/ .P;L/ is a nonlinear thick gamma space;
.i i/ A is a set of subspaces of .P;L/ isomorphic to affine planes;
.i i i/ for all points p 2 P the residue Res.p/ is a generalized n-gon (n  5);
.iv/ G satisfies ./Opp.
We use the following conventions: for two points x; y 2 P we write y 2 x? if and only if
x and y are collinear. For any subset X of P , we write X? D \z2X z?. By hXi we denote the
subspace generated by X (i.e., the intersection of all subspaces containing X ). If two points
p; q are collinear, then the line on p and q will be denoted by hp; qi, rather than by hfp; qgi.
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If p is a point of G, then by assumption Res.p/ is a generalized polygon. We will often refer
to the lines in L and affine planes inA containing p as the ‘points’, respectively ‘lines’, of this
polygon Res.p/. The distance between two elements in Res.p/ will be the distance between
these two elements in the incidence graph of the polygon.
The purpose of this section and the next is to determine the structure of Res.p/ for any point
p 2 P . Our first goal is to show that the residue of a point is a generalized hexagon. Then in
the next section we will prove that this hexagon is isomorphic toH.k/, for some field k.
LEMMA 3.1. For each point p, the residue at p is a generalized n-gon, with n even.
PROOF. Assume that n is odd. Let p; q; r be three points with p; r 2 q?. Let k (resp. l) be
the line on p (resp. r ) and q. In Res.q/ any two ‘points’ are not opposite, so k  l?. Since
.P;L/ is a gamma space we have that p 2 r?, i.e., p and r are collinear. By the connectedness
of G we have that .P;L/ is a linear space, contrary to assumption .i/. 2
In fact, if n is even, then assumption ./Opp implies that the partial linear space is nonlinear.
LEMMA 3.2. Let  be a plane and p be a point, then either  \ p? D ;,  \ p? 2 L or
  p?.
PROOF. Let  be a plane and p be a point. If p 2  , then   p?. Suppose p 62 
and  \ p? 6D ;. Let q 2  \ p?. In Res.q/ we see that the ‘line’  contains a ‘point’ m
not opposite to hp; qi. Moreover, either m is unique with this property and the gamma space
property implies that p? \ D m, or by ./Opp all lines in  on q, and hence  , are in p?.2
LEMMA 3.3. Any two distinct planes that meet nontrivially, meet either in a point or a line.
PROOF. Suppose that 1 and 2 are two planes meeting in at least two points, p and q say.
Then the line hp; qi is contained in 1\2. Suppose there is a third point r 2 1\2nhp; qi.
The line hp; ri is also contained in 1 \ 2. Consequently, in Res.p/ the ‘lines’ 1 and 2
have at least two ‘points’ in common, hence coincide. 2
For a point p 2 P and line m contained in p? but with p 62 m, the set of lines on p that
meet m will be denoted by m p.
At this point we need to introduce some notation and terminology from [1]. let 0 D .P; L/
be a generalized n-gon. A distance- j hyperbolic line of 0 is defined as follows: let x and y
be two points of 0 at distance 2 j  n. The distance- j hyperbolic line H.x; y/ containing x
and y is the set
fz j z is not opposite to u; for all u neither opposite to x nor to yg:
Suppose u and v are two opposite elements of 0. Then the (distance- j) trace uvT jU of v on u
is the set of all the elements of the polygon at distance j from u and n − j from v. Finally, if
a and b are two elements at distance j , with j  n − 1, the projection of b on a will be the
unique element z at distance 1 from a and j − 1 from b.
The following omnibus lemma lists some properties of distance- j hyperbolic lines which
will be used throughout the paper without further reference.
LEMMA 3.4. Let x and y be two points of a generalized n-gon 0 at distance 2 j , with
2 < 2 j < n.
.i/ Let u and v be opposite elements in an apartment on x and y. If u is at distance j from
both x and y, then H.x; y/ is contained in uvT jU;
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.i i/ If x 0 and y0 are distinct points in H.x; y/, then H.x 0; y0/ D H.x; y/;
.i i i/ Let H be a distance- j hyperbolic line, and v an element of 0 at distance n − 1 from
two elements in H. Then either v is at distance  n − 2 from a unique point of H or
all points of H have distance n − 1 to v. In the last situation the projection of H on v
is either injective or constant.
PROOF. See Lemma 2.1, Lemma 2.2 and Corollary 2.3 in [1]. 2
LEMMA 3.5. Let p 2 P and m be a line in p? not containing p nor coplanar with p. Then
in Res.p/ the ‘points’ of m p form part of a ‘distance- j hyperbolic line’, for some 2  j < n=2.
PROOF. Let n1 and n2 be two lines on p that meet m. In Res.p/ the ‘points’ n1 and n2 are
not opposite in Res.p/, say at distance 2 j . We claim that the ‘points’ of m p form part of a
‘distance- j hyperbolic line’ on n1 and n2.
For, let k be a line on p which in Res.p/ is not opposite to both n1 and n2. Then both n1 and
n2 are contained in k?. Hence also m \ n1 and m \ n2 and thus all points of m are contained
in k?.
If l is a line on p meeting m nontrivially, then l contains at least two points, namely p and
l \m, in k? and is therefore contained in k?. As this holds for any line k not opposite to both
n1 and n2, we find that l is contained in the ‘distance- j hyperbolic line’ on n1 and n2. The
lemma follows. 2
In case the number of points on a line of G is finite, it follows immediately from the
connectedness of the geometry that all lines have the same number of points, s say. In
particular, in the residue of a point, ‘lines’ contain sC 1 ‘points’. If two ‘points’ in Res.p/ are
not opposite, say at distance 2 j , the previous lemma implies that the ‘distance- j hyperbolic
line’ of Res.p/ containing them contains at least s ‘points’.
Suppose l is a line of a generalized n-gon, n even, at distance n − 1 from all the points of
a distance- j hyperbolic line H . For each point of H there is a unique point on l nearest to it.
From the above omnibus lemma it follows that the projection of H into l is either injective or
constant. The distance- j hyperbolic line H is called long if, for every l, such a projection is
surjective whenever it is injective. It is called almost long if every such injective projection
misses at most one point of l.
The discussion above implies that, in case lines of G have finite cardinality, the residue of a
point is a generalized polygon with almost long distance- j hyperbolic lines.
We will show that this is true in general.
LEMMA 3.6. Let p be a point, l a line in p?, but not coplanar with p. Then the ‘distance- j
hyperbolic line’ of Res.p/ containing lp is almost long.
PROOF. Let p be a point, l be a line in p?, not coplanar with p. The set of points on l
will be denoted by fxi gi2I , with I an index set for l (without loss of generality we assume
f1; 2; 3g  I ). Each line in l p is of the form hp; xi i, for a unique i 2 I . This line will be
denoted by li . Let  be a plane on p such that in Res.p/ the ‘line’  is at distance n − 1 to
all the ‘points’ of l p and the projection of l p on  is injective. In particular, each ‘point’ of l p
is not opposite to exactly one ‘point’ of  . Thus for each line li 2 l p, i 2 I , we have l?i \ 
is a line on p which we will denote by ni . We want to show that the set of lines fni j i 2 I g
is the set of at least all but one of the lines on p inside  . If the number of points on a line is
finite, then, as explained above, everything is clear. Thus we can and do assume that there are
infinitely many points on each line.
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We will prove the lemma with induction on n − d, where d is the distance between l1 and l
in Res.x1/.
First, assume that this distance d is maximal, i.e., d D n − 2. Then there is a plane  0 on l
which is not in p?. Each point r 2  different from p is collinear with at most one point of
l, so that r? \  0 is at most a line. If the point r is on ni , for some i , then r? \  0 is a line.
Moreover, for two distinct points r and r 0 on ni n fpg, the two lines r? \  0 and r 0? \  0 are
distinct. So, by varying the points r1 2 n1 and r2 2 n2 we can achieve that the lines r?1 \  0
and r?2 \  0 meet in some point q not on l. Note that q is the unique point on  0 collinear to
both r1 and r2.
Now consider q? \  . We have r1; r2 2 q? \  , but not p. Thus q? \  is the line hr1; r2i
which we denote by m. For any two distinct points r and r 0 on m, the two lines r? \  0 and
r 0? \  0 are distinct lines of  0 through the point q. (For, if they are not distinct, then there is
a point q 0 2  0, distinct from q collinear with the two points r and r 0 of m and thus with all
points of m. In particular, q 0 is in r?1 \ r?2 \  0 D fqg. This contradicts q 0 6D q.)
If n is a line of  on p meeting m in a point r , then r? \ 0 is either the unique line through
q parallel inside  0 to l or it is a line on q meeting l in some point xi . In the latter case we find
that n D ni . Hence the only two lines on p inside  that are possibly not of the form ni for
some i 2 I , are the line on p parallel to m, and the line through p and r where r is a point of
m with r? \  0 being a line parallel (inside  0) to l.
Now suppose that r 02 (resp. r 002 ) is a point on n2 distinct from r2 and p but such that the lines
r?1 \  0 and r 02? \  0 still meet in some point q 0 (resp. q 00). (Note that such points exist as
the number of points on n2 is infinite.) Let m0 (resp. m00) be the line q 0? \  . By the same
arguments as above, the only two lines on p inside  that are possibly not of the form ni for
some i 2 I , are the line on p parallel to m0 (resp. m00) and the line through p and r where r is
a point of m0 (resp. m00), with r? \  0 being a line parallel inside  0 to l. But since m, m0 and
m00 are not parallel (they all contain r1), we can conclude that at most one line on p inside 
is not of the form ni , and the lemma is proved in this case.
Next we assume that the distance of l and l1 in Res.x1/ is less than n − 2. Then there is a
plane  0 on l inside p?, such that l being the line of  0 which is closest to l1. Suppose there is
a point q 2  0 n flg which is collinear to each point of  . Let m be a line of  not containing
p. The line meets at least two lines from fni j i 2 I g, say n1 and n2, in the points z1, z2,
respectively. As n?i \  0 equals qxi , we find that q is the unique point of  0 in m?. But on
m there is at most one point z with z? \ l D ;. Indeed this can only be a point with z? \  0
being the line on q parallel to l. Hence, at most one line on p meeting m is not of the form ni ,
i 2 I . By varying m, we see that there is always at most one line not of this form.
Finally, assume that  0 does not contain a point in ?. Then fn?i \  0 j i 2 I g is a parallel
class of  0. Now let l 0 be a line in  0 through x1 but not in n?1 . Then the distance of l 0 to
l1 inside Res.x1/ is larger than the distance of l to l1. Moreover, as fn?i \  0 j i 2 I g is a
parallel class of  0, we have for each point x 0 2 l 0 that x 0? \  D ni , for some i 2 I . Thus
we can apply our induction hypothesis on p,  and l 0 and find that at most one line of  is not
in fni j i 2 I g. This finishes the proof of the lemma. 2
In a generalized polygon a distance- j hyperbolic line is called ideal, if it equals any distance-
j trace meeting it in at least two points.
LEMMA 3.7. Suppose in a generalized n-gon of line size at least 4 that any two points at
distance 2 j , with 2 j < n fixed, are on a distance- j hyperbolic line that is almost long, then
all distance- j hyperbolic lines are ideal.
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PROOF. Recall from Lemma 3.4 that any distance- j hyperbolic line projects injectively into
the set of neighbors of a suitably chosen vertex at distance n − 1 from all the points on the
hyperbolic line.
Suppose that a and b are two points at distance 2 j from each other on a distance- j hyperbolic
line H.a; b/ which is not ideal. Let x0; x1; : : : ; x2n−1 be an apartment on a and b, such that
a D x j and b D x2n− j . The vertex r D x0 is at distance j from both a and b and p D xn is
opposite to x0 such that a and b are in the trace r pT jU of p on r .
The vertex xnC1 is the unique neighbor of p on the apartment at distance n − j − 1 from b
and let q 6D p be a neighbor of xnC1 at distance n − j from b. Since xnC1 is opposite to x1
there exists a path xnC1 D y0; q D y1; : : : ; yn D x1 from q to x1, with q 6D p. The vertex y j
is now at distance n − 1 from both a and b.
Note that any point in r pT jUnfag is opposite to y jC1 and that any point in r pT jUnfbg is opposite
to y j−1. Since H.a; b/ is not ideal and contains at least three points, we can find a point
y 2 r pT jU not contained in H.a; b/ and a point c 2 H.a; b/ different from a and b. Consider the
distance- j hyperbolic line H.c; y/. Note that a; b 62 H.c; y/ and that y j is at distance n − 1
from all points in H.c; y/.
The projection of H.y; c/ on y j has to be constant or injective. Since the projection does
not contain y j−1 nor y jC1, it cannot be injective as in that case H.y; c/ projects to at least all
but one of the elements incident with yi . Hence this projection must be constant and equal to
the unique neighbor z of y j which is at distance n − 2 from c. As y was chosen arbitrarily in
r
p
T jUnH.a; b/, we find that r pT jUnH.a; b/ is contained in z?.
But now the projection of the distance- j hyperbolic line H.a; y/, where y is some point
from r pT jUnH.a; b/, on y j is neither injective nor constant, a contradiction. 2
PROPOSITION 3.8. The residue of a point is a generalized hexagon.
PROOF. It follows from the above lemmas that all distance- j hyperbolic lines, with 2 <
2 j < n are ideal. Theorem 2.7 in [1] or Theorem 2.2 in [13] now forces n D 6 and j D 2. 2
4. THE RESIDUE OF A POINT
We continue with the hypotheses and notation of the previous section. There, it has been
shown that the residue of each point of G is a generalized hexagon. The purpose of this section
is to show that the residue of each point is in fact isomorphic to H.k/ for some field k. To
simplify notation, a distance-2 hyperbolic line will be abbreviated to just hyperbolic line.
LEMMA 4.1. Let l be a line. For any two planes 1 and 2 that meet in l and any point
qi 2 i , i 2 f1; 2g, there exists a plane  meeting 1 in the line on q1 parallel to l and 2 in
the line on q2 parallel to l.
PROOF. Let p be a point and l be a line on p and 1 and 2 two different planes that meet
in l. Let q1 2 1 and q2 2 2 be points. If either of q1 or q2 is on l, then the lemma trivially
holds. Thus we may assume that both q1 and q2 are not on l. For i 2 f1; 2g, let ni be the line
in i containing qi and parallel to l. We shall show that there exists a plane containing n1 and
n2, which will be sufficient to prove the lemma.
In Res.p/ we see that the ‘lines’ 1; 2 intersect in the ‘point’ l. Hence 1 is contained in
q? for any point q 2 2, and vice versa. In particular, q1 and q2 are on a line. In Res.q1/ we
see now that the ‘point’ hq1; q2i is at distance 3 from the ‘line’ 1. Hence there exists a unique
plane  containing hq1; q2i and meeting 1 in a line m on q1. We claim that m D n1. For, if
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not, then m \ l D r is a point different from q1. Now in Res.r/ the three different planes 1,
2 and  must intersect each other in different points, a contradiction.
Since   q? \ q?2 , where q is a point on l, we see that in Res.q2/ all ‘points’ on the ‘line’
 are at distance at most 4 from the ‘point’ hq; q2i. Whence  must meet 2 in a line on q2.
Repeating the above argument we obtain that  meets 2 in n2. 2
For p 2 P and a ‘hyperbolic line’ H in Res.p/ we define
B.p; H/ D fpg [ fq 2 P \ p? j hp; qi \ H 6D ;g:
If a line l 2 L meets B.p; H/ in at least two points, then all its points are contained in it.
Indeed, either l is a line of the form hp; qi with q 2 p?, or l p meets H in two points and is
thus contained in H , which clearly implies that l  B.p; H/. Thus B.p; H/ is a subspace
of .P;L/. Denote by L.p; H/ the collection of lines of G contained in B.p; H/. It follows
directly from the gamma space property and ./Opp that the geometry .B.p; H/;L.p; H// is
a linear subspace of G.
LEMMA 4.2. Let p be a point and n a line in p? but not coplanar with p. Let D B.p; H/,
where H is the ‘hyperbolic line’ in Res.p/ containing n p.
(i) If the ‘points’ on n p form an ‘ideal line’, then  is isomorphic to a projective plane.
(ii) If the ‘points’ on n p do not form an ‘ideal line’, then  is isomorphic to an affine plane.
In particular, there exist a unique line l on p such that n p [ l is the ‘point’ set of a long
‘hyperbolic line’ in Res.p/.
PROOF. Recall that, by Lemmas 3.6 and 3.7, in Res.p/ any ‘hyperbolic line’ is ideal and
vice versa.
Suppose first that n p is an ‘ideal line’. We will first prove that n p is equal to m p for any line
m not on p but contained in  .
Let l be the focus of the ‘hyperbolic line’ determined by n p, i.e., the unique ‘point’ at distance
2 from every ‘point’ on the ‘hyperbolic line’. Let 1; 2 2 A be two different planes on l that
meet n p. Let 3 2 A be the plane on n that meets i in the line ni parallel to l on l \ i ,
i D 1; 2.
Any line k 2 3 is contained in l?; if it is coplanar with l, then kp will denote the set of
lines, different from l, on p in that plane.
In Res.p/ we see that the sets m p with m 2 3 together with the ‘points’ in it form an affine
plane.
Let m be a line in B.p; n p/ but not in n p. Without loss of generality we may assume that m
meets 1 and 2. There exists a plane 4 on m that meets i in a line mi parallel to l, i D 1; 2.
Let k be a line of n p that meets m. Using Lemma 3.3, we see that the plane on l and the line
in 4 on k \m parallel to m1 is equal to the plane on l and the line in 3 on k \n parallel to n1.
We claim that n p D m p. For, if m p 6D n p, then there exists a unique line in n p that does not
meet m. The previous paragraph gives us in Res.p/ an injection of the affine plane determined
by m in that of n by removing one ‘line’. This is a contradiction. Thus indeed, n p D m p for
all lines m in  not on p. In particular, every line of  on p meets all other lines in  .
Let q be a point in different from p and not on n. Suppose that nq is not an ideal ‘hyperbolic
line’ in Res.q/. Let m 2 n p not containing q. Then m and n define the same ‘hyperbolic line’
in Res.q/. By the above, mq cannot be an ideal ‘hyperbolic line’ either. Whence there exists a
(unique) ‘point’ k in Res.q/ not in mq . Since lines contain at least three points and ‘hyperbolic
lines’ are almost long, we see that there exists a line m0 that meets k and at least two lines k1
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and k2 on q that also meet n. These two lines k1 and k2 meet both q and n whence are in 
and .k1/p D .k2/p D n p, by the above. It follows that m0 meets at least two members of n p
in two points, so m0 and consequently k is in  too. But then kp D n p so m meets k too. A
contradiction. Whence nq is ideal too. In particular, for any point q different from p and not
on n, all the lines in  on q meet n. By varying n and q, we see that any two lines meet; that
is,  is a projective plane.
If n p is not an ideal line, then it follows from the above and the fact that n p is almost long,
that for any point q different from p there is a unique line on q not meeting n. By varying the
points, we see that  is an affine plane. 2
PROPOSITION 4.3. For any point p we have Res.p/ D H.k/ for some field k.
PROOF. Let p be a point and l be a line on p. Consider the space of all planes on l. This
is again a linear space and, by the above, any two intersecting lines generate an affine or
projective space. By assumption there exists at least one affine plane on l. Using Teirlinck’s
result [12], we conclude that all planes must have been affine.
But then in Res.p/ all ‘lines’ n p are not ideal. In particular, all hyperbolic lines are long.
By [1], we have Res.p/ D H.k/, for some field k. 2
5. THE GEOMETRY AT INFINITY
We continue with the hypotheses of the previous sections. In Proposition 4.3 we demon-
strated that at each point of G the residue is isomorphic to H.k/. Moreover, for each point
p 2 P and a hyperbolic line H in Res.p/ we constructed a linear space B.p; H/, isomorphic
to an affine plane.
In this section and the next, the distance between to points of G will be the distance in the
collinearity graph of G.
Define B D fB.p; H/ j p 2 P and H a ‘hyperbolic line’ in Res.p/g.
PROPOSITION 5.1. The geometry AS D .P;L;A [ B/ is an affine polar space of type
A f:B3.k/, where k is a field.
PROOF. For any point p, we now have that Res.p/ is isomorphic to the geometry of lines
and hyperbolic lines of the generalized hexagon H.k/. But this geometry is isomorphic to
a polar space of type B3.k/. Moreover, we easily check that AS satisfies the axioms for an
affine polar space as given in [4]. 2
From [4] we know that AS D .P;L;A [ B/ can be obtained from a polar space S of type
B4.k/, where k is a field, by removing a geometric hyperplane X . Recall that there is a notion
of parallelism in SnX . In the notation of [4] a line l is called parallel to m if and only if
fp 2 P j p? \ A.l/ D ; or lg D fp 2 P j p? \ A.m/ D ; or mg, where A.l/ stands for the
set of points incident with l. In the polar space S this amounts to that the point at infinity of l,
i.e., the intersection point of Ol and X , is equal to that of m. For a line l denote the parallel class
of l by TlU. Similarly, two planes  and  0 of AS are parallel if for each line l of  there is a
line l 0 of  0 parallel to l and vice versa. In the polar space S this means that the two planes
intersect in a line of X . The parallel class of a plane  is denoted by T U.
LEMMA 5.2. If  is a plane in G then the whole parallel class of  is in G.
PROOF. Let 0 be a plane of G with line at infinity T0U. Let p be a point of 0 and q a point
in ?0 n0. By m we denote the line through p and q. In Res.p/ we see that m is at distance 1
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from some line n on p inside 0. Thus there is a plane 1 2 A on m meeting 0 in n. Now
fix a line g through q meeting T0U at a point different from TnU. In Res.q/ there is a unique
plane 2 2 A on g meeting 1 in a line, k say. Suppose k meets n at the point r of G. Then
inside Res.r/we encounter the three planes 0, 1 and 2 forming a triangle. This contradicts
Res.r/ to be an n-gon. Thus k and n meet at infinity, from which it follows that 0 and 2 are
parallel. We can conclude that the unique plane on q which is parallel with 0 is also in A.
Let 0 and 1 be two parallel planes with 0 2 A. These two planes determine the same
line at infinity, say l1. If 1 contains a point r with r 2 ?0 , then, by the above, 1 is also in
A. By the connectedness of the affine polar space on the singular planes meeting X just in l1
and the transitivity of being parallel we find that in any case 1 is in A. 2
The geometry at infinity G1 D .P1;L1/ of G on X is the subgeometry of X consisting of
the set P1 of points and the set L1 of lines at infinity of lines and planes, respectively, of G.
If p is a point of G, then the projection of Res.p/ on G1 is the subgeometry of G1 consisting
of the points and lines at infinity of all the lines and planes in Res.p/.
LEMMA 5.3. For a point p, the projection of Res.p/ on G1 is a generalized hexagon
isomorphic toH.k/.
PROOF. The point set P and line set L coincide with those of SnX . For each point in SnX
we have an injection from Res.p/ into the point set of X preserving the incidence relation.
The lemma follows since Res.p/ is isomorphic toH.k/. 2
It follows from the above two lemmas thatG is isomorphic to the tangent space of its geometry
at infinity G1 on X .
At this point it might be useful to observe that the points of G1 are the nondeep points, in
the sense of [4], of X . The deep points and lines of X through these deep points could have
been be added to the geometry G1 without disturbing that G is the tangent geometry of G1.
We will derive some properties of G1.
LEMMA 5.4. Let l be a line. Then the projection of the set of planes fromA on l on X is the
set of points in a singular plane 5 of X. Moreover, all lines in 5 on the point TlU are in L1.
PROOF. Since .P;L;A [ B/ is an affine polar space of type A f:B3, the projection of the
set of planes on l on X is contained in a singular plane of X .
Let 1 and 2 be two planes on l. Then the two lines at infinity T1U and T2U intersect in
the point at infinity TlU of l. Let k be a line on TlU in the plane generated by T1U and T2U and
p be a point on k different from TlU. Let m be a line in L whose point at infinity is p, and that
meets both 1 and 2 in points not on l.
By Lemma 4.1, the line m is in an affine plane  meeting i in a line parallel to l. In
particular, the line at infinity of  contains TlU and p, and thus equals k. Hence all lines
through TlU that are inside the plane generated by T1U and T2U appear as lines at infinity of
some plane in A. 2
For each l 2 L we call the plane at infinity containing the lines at infinity of all the affine
planes through l the special plane of l, and denote it by 5l .
LEMMA 5.5. Let r 2 P1. The set of lines of L1 containing r is contained in a singular
subspace of X.
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PROOF. Let l; n 2 L1 be two lines containing r . Suppose that they are not contained in a
singular subspace of X . Let A 2 A be an affine plane whose projection on X is l. Since S is a
polar space we have that n? meets the projective plane determined by A in a line different from
l. Hence there is a singular plane OB on n meeting A in a line m. By Lemma 5.2, B D OBnX
is in A. Consequently, l and n are contained in the special plane of m and, in particular, in a
singular subspace. A contradiction. Thus any two lines on r are in a singular subspace. The
lemma follows since X is a polar space. 2
COROLLARY 5.6. If l and m are parallel lines, then the special planes 5l and 5m are
contained in some singular subspace of X.
PROOF. The lines l and m are parallel and thus have the same point at infinity. The above
lemma implies that the special planes of l and m are contained in some singular subspace of X .2
6. THE PROOF OF THEOREM 1.1
In this section we will finish the proof of the main theorem. We keep the notation of the
previous sections. We will consider the various cases of possible structure of the hyperplane
X at infinity of the space AS. We start with the case where the hyperplane X is degenerate.
PROPOSITION 6.1. If X is degenerate, then G is isomorphic to the affine generalized
hexagon associated with the group k7 V G2.k/, k a field.
PROOF. If X is degenerate, then it is of the form1?, where1 is a point of S, see [4]. For
each point p in P , the parallel classes of lines and planes on p form the points and lines of a
generalized hexagon Hp, isomorphic toH.k/ embedded in p? \1?. The lines and singular
planes in1? that meet Hp in a point, respectively line, also form a generalized hexagon which
will be denoted with NHp.
We claim that for any two points p and q in P we have NHp = NHq . Let  be a plane on q.
Since Hp is a hyperplane of X , T U must intersect it in a point r . Let m, respectively n, be the
line on p, respectively q, whose point at infinity equals r .
The two special planes 5m and 5n are contained in a singular subspace of X , see Corol-
lary 5.6, but do not contain the point 1. Since X is degenerate and modulo, its radical is
isomorphic to a polar space of type B3, we must have that1 is also contained in this singular
subspace. Moreover, both special planes are mapped onto each other by projection from1.
Thus the singular plane on 1 and T U is not only a line of NHq but also of NHp and we can
conclude that NHq  NHp. By the symmetry of the argument, we also have NHp  NHq , and we
can identify G with the affine generalized hexagon associated to NHq D NHp. 2
Now we embark on the case where X is a nondegenerate hyperplane.
PROPOSITION 6.2. If X is nondegenerate, then G is isomorphic to the affine generalized
hexagon associated to the tangent geometry of the spin representation of the dual polar space
of type B3.k/.
PROOF. Let X be a nondegenerate hyperplane of S. Then, by the results in [4] and the
previous section, it is a polar space of type D4.k/. For each point p of G, projection onto the
space at infinity defines an injection from the point set of Res.p/ to the points of X . Moreover,
each point of X corresponds to a parallel class in G, so that the point set of G1 is equal to the
point set of X .
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The projection of Res.p/ on X is a hyperplane of X as, in S, it consists of all the points in
p? \ X . Since the line set of G1 is a subset of the line set of X , the projection of Res.p/
is also a hyperplane of G1. This hyperplane, which we denote by Hp, is isomorphic to the
generalized hexagon Res.p/ ’ H.k/. 2
Next we determine the structure of G1. This will be done in several steps.
Step 1. The distance function on the subspace Hp of G1 is the restriction of the distance
function on G1.
PROOF. Since Hp is a subspace of G1 of diameter 3 we have only have to show that two
points at distance 3 inHp are also at distance 3 inside G1.
Suppose q and r are in Hp at distance 3. Then inside S they are not collinear. Let s be a
point of G1 collinear to both q and r . We derive a contradiction.
Inside S it is easy to see that there exists a point t collinear with q, r and s. So these three
points are inside Ht and inside this subspace q and r are at distance 2. This contradicts them
being noncollinear inside S. 2
The proof of the first step immediately implies that the diameter of G1 equals 3. Moreover,
two points have distance two in X if and only if they are at distance 3 in G1.
Step 2. G1 is a near hexagon.
PROOF. Since we already know that G1 has diameter 3, we only have to check that G1
satisfies the near polygon condition:
For each line l and point p, there is a unique point on l closest to p.
Suppose p is a point and l a line of G1. Then inside S we see that there is a point q 2 P
that is in l? \ p?. Hence, p and l are contained in Hq . Inside this hyperplane, which is a
generalized hexagon, we see that there is a unique point on l closest to p. 2
So G1 is indeed a near polygon embedded in X . Note that any quad of G1, if it exists, is
contained in a singular projective 3-space of X . To complete the proof it remains to show the
existence of quads.
Step 3. Any two points of G1 at mutual distance 2 are contained in a quad of G1, isomorphic
to the symplectic generalized quadrangle associated with a group of type C2.k/.
The points of this quad form a maximal singular subspace of S intersecting eachHp, p 2 P ,
in a special plane.
PROOF. Let a; b 2 P1 be two points at distance 2 in G1. Let p 2 P be collinear with
both a and b inside S. Inside Hp there is a point c collinear to both a and b. Now fix a point
q 2 P contained in a? \ b? n c?. InsideHq the points a and b are still at distance 2, so inside
Hq there exists a point d 6D c collinear with both a and b. In particular, a, b, c and d form a
quadrangle in G1. The geodesic closure of this quadrangle is the quad Q we are looking for.
As inside this quadQ all points have distance at most 2, it is contained in a maximal singular
subspace M of S. We now show that all points of M are inside Q.
Let l be a line ofQ and 1 a projective plane on l inside M . Fix a point p 2 P such that the
hyperplaneHp meets M in 1. Since this plane contains the line l, it is special. In particular,
there is a point pl on l collinear in G1 with all the points of 1.
If m is a line of Q not meeting l, then let 2 be a projective plane on m meeting l in a point
distinct from pl . As before we find 2 to be special. Moreover, we can find a point pm on m
that is collinear inside G1 to all points of 2. Note that pl and pm are at distance 2 inside G1.
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Inside M , the two special planes 1 and 2 intersect in a line distinct from l and m. Every
point on this line of intersection is collinear to both pl and pm . Thus this line of intersection
and then also 1 is contained in Q. So, every plane of M on l is contained in Q. But that
implies thatQ and M share the same point set. It is now straightforward to check thatQ is as
stated. 2
Step 4. G1 is isomorphic to the classical near hexagon of type B3.k/.
PROOF. If two distinct quads intersect in a point p, then both contain a special plane on p.
But these special planes intersect, as they are contained in a singular subspace (of rank 3) of
X , see Lemma 5.5. Hence both quads intersect in a line. But that implies that the lines and
quads on p form a projective plane isomorphic to the geometry of lines and special planes
inside the singular subspace of S of all lines of G1 on p. Hence, the geometry of points, lines
and quads of G1 is a geometry of type B3 satisfying the intersection property:
s s s
quads lines points
But that implies that G1 is indeed isomorphic to the classical near hexagon of type B3.k/.2
Now we can end the proof of Proposition 6.2. The near hexagon G1 is embedded via the
spin representation in the nondegenerate hyperplane X of type D4 of the polar space of type
B4 (see Section 2). The points of G are the points of the polar space S outside the hyperplane
X . The lines and planes of G are the lines and planes of the affine polar space S n X tangent
to the near hexagon G1. Thus G is indeed isomorphic to the tangent geometry of the spin
representation of the near hexagon of type B3.
7. THE AFFINE GENERALIZED HEXAGON RELATED TO k6 V G2.k/
In this section we will prove the following characterization of the affine generalized hexagon
related to k6 V G2.k/, where k is some finite field of characteristic 2. The line of proof of the
following theorem is similar to that of our main result Theorem 1.1.
THEOREM 7.1. Let G D .P;L;A/ be an affine extension of a generalized n-gon, n  5, of
finite order .s; t/, s  3, in which .P;L/ is a linear space and the following holds:
.1/ If l and m are two lines on a point p meeting a line n not through p, then any line on p
which is neither opposite to l nor to m in Res.p/ is not opposite to any line on p meeting
n.
.2/ If l, m and n are pairwise intersecting lines not through one point, then the distance
between l and m in Res.l \ m/ equals the distance of l and n in Res.l \ n/.
Then G is isomorphic to the affine generalized hexagon associated to the group k6 V G2.k/,
where k is a finite field of characteristic 2.
PROOF. Suppose G is a geometry as in the hypothesis of the above theorem. Then each line
in L contains s points.
Let p be a point and l a line not coplanar with p. Then denote by l p the set of lines on p
meeting l. Condition .1/ implies that l p is part of a ‘distance- j hyperbolic line’ of Res.p/,
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where 2 j is the distance of any two lines in l p. Linearity of .P;L/ implies that any two
noncollinear ‘points’ of Res.p/ are on a ‘distance- j hyperbolic line’ of order at least s. From
[1] we know that Res.p/ has to be a generalized hexagon and that ‘hyperbolic lines’ in Res.p/
can contain at most s C 1 ‘points’.
Fix a ‘distance- j hyperbolic line’ H on p (with j D 2 or 3 as we are dealing with generalized
hexagons). Let  be the union of all the lines in H . Then any line l meeting  in two points
is either in H , or meets two lines of H , m and n say, in points distinct from p. But then l p
is contained in H and l   . This implies that  is a subspace of .P;L/. If H contains s
‘points’, then this subspace contains 1C s.s− 1/ points and thus is a projective space of order
s − 1. If H contains s C 1 points, then the subspace  contains 1 C .s − 1/.s C 1/ D s2
points and is isomorphic to an affine plane. As a consequence of this, .P;L/ is a linear space
in which any two intersecting lines generate a subspace isomorphic to a projective plane or an
affine plane. Moreover, asA is a set of affine planes, Teirlinck’s result [12] implies that .P;L/
is an affine space. Furthermore, all ‘distance- j hyperbolic lines’ in Res.p/ contain sC1 points
and are long in the sense given from [1]. But that implies that Res.p/ is isomorphic to H.k/
for some finite field of even order (see [1]).
The affine space .P;L/ can be obtained by deleting some hyperplane X from a projective
space. We will show that G can be identified with the tangent space of a hexagonH isomorphic
toH.k/ embedded in X .
For that we first have to prove that for each plane  2 A the whole parallel class of  in the
affine space is in A. This we prove along the lines of Lemma 5.2.
Fix a plane 0 2 A and denote by T0U its line at infinity. Fix a point p in 0 and a point
q outside 0 but on a plane 1 2 A meeting 0 in a line n on p. The line on p and q will
be called m. Now fix a line g on q meeting T0U in a point distinct from TnU. Condition .2/
now implies that we can partition the set of affine planes of the affine space .P;L/ into three
parts, 51 D A, 52 and 53, such that two intersecting lines of a plane in 5i are at distance
2i in the residue of their intersection point. This implies that in the residue of q the ‘point’
g is at distance 3 from the ‘line’ 1. Thus there is a ‘line’ 2 2 A on g meeting 1 in a
‘point’, k say. If k and n would meet in a point r , then we would find a triangle formed by
the planes 0, 1 and 2 inside the hexagon Res.r/. This is impossible. Hence k and n are
parallel lines, and 0 and 2 are parallel planes. In particular, the unique plane on q parallel
to 0 is in A. Since G is residually connected, we even find that all planes parallel to 0 are
in A.
Now we are in a position to finish the proof of the theorem. Indeed, the above implies
that the projection of Res.p/, where p 2 P is a generalized hexagon isomorphic to H.k/
embedded in the hyperplane at infinity of the affine space on .P;L/. Moreover, this hexagon
is independent of the point p, and G is indeed the tangent space of this embedded hexagon.
This proves Theorem 7.1. 2
8. A VARIATION ON CONDITION ./Opp FOR GENERALIZED HEXAGONS
In [8], extensions of generalized hexagons are studied that satisfy conditions similar to
the conditions of Theorem 1.1. In particular, the two geometries on 36, respectively 100,
points related to the groups G2.2/ and H J described in [8] are affine extensions of generalized
hexagons satisfying the variation ./3 of ./Opp as given in the following proposition. Actually,
they are the only finite geometries satisfying these conditions.
PROPOSITION 8.1. LetG D .P;L;A/ be an affine extension of a finite generalized hexagon
in which .P;L/ is a gamma space and the following holds:
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./3 For any point p 2 P , the distance between two different lines m, l on p in the hexagon
Res.p/ equals 2 or 6 if and only if m  l?.
Then G is isomorphic to the extended generalized hexagon on 36 points related to the group
G2.2/ or the geometry on 100 points related to the Hall Janko group.
PROOF. Let p be a point and  an affine plane on p. Let l be a line on p such that the
distance of l to  inside Res.p/ equals 5. Let m be the line on p inside  at distance 4 from
l. Fix a point q on l different from p. By condition ./3, the only points in  not collinear
to q are the points on m different from p. But now the gamma space property implies that all
lines may contain only two points. Since the residue of a point is assumed to be finite we can
quote the result from [8], and find that G is one of the two geometries as in the statement of
the proposition. 2
In [17], Weiss considered the flag-transitive circle extensions of known finite generalized
octagons with at least three points per line. The argument used in the proof of the proposition
can be used to show that similar statements also hold for generalized octagons. We leave it to
the reader to make this more precise.
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